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We discuss the energy distribution of free-electron Fermi-gas, a problem with a textbook solution
of Gaussian energy fluctuations in the limit of a large system. We find that for a small system,
characterized solely by its heat capacity C, the distribution can be solved analytically, and it is both
skewed and it vanishes at low energies, exhibiting a sharp drop to zero at the energy corresponding to
the filled Fermi sea. The results are relevant from the experimental point of view, since the predicted
non-Gaussian effects become pronounced when C/kB . 103 (kB is the Boltzmann constant), a
regime that can be easily achieved for instance in mesoscopic metallic conductors at sub-kelvin
temperatures.
I. INTRODUCTION
Physical quantities of an equilibrium macroscopic sys-
tem are well characterized by their average values. How-
ever, random deviations from the average values - fluc-
tuations - are very important since they contain impor-
tant information on the system. Under most circum-
stances the distribution of small fluctuations is Gaus-
sian [1], ch. 7. However, this is not the case for small
devices, which are currently studied intensively [2, 3],
see [4–7] for a review. Energy and temperature fluctua-
tions in a single electron box [9] were considered in [8];
several works experimental and theoretical, e.g., [10–12],
were devoted to temperature fluctuations.
In the present work we will derive the distribution func-
tion for a finite Fermi gas and show that its shape is de-
termined by only one dimensionless parameter - the to-
tal heat capacity C divided by the Boltzmann constant,
kB. At C/kB  1 we recover the well-known Gaussian
distribution, while at finite values of this parameter sig-
nificant deviations are expected. We will analytically de-
rive the distribution of the energies of a finite sample of
the Fermi gas kept at a given temperature and analyze
its properties including moments and skewness absent
in the thermodynamic limit. Since the heat capacity of
a metallic conductor of sub-micron dimensions at stan-
dard sub-kelvin experimental temperatures is of the or-
der of (102 − 103)kB [4, 13], our results have potential
impact on sensitive bolometers [4, 10, 14]. In future, we
plan to use the obtained distribution for analysis of heat
exchange between a quantum device and a mesoscopic
metallic calorimeter.
The paper is organized as follows. We derive general
expression for the energy distribution in Sec. II A, which
will be analyzed in Sec. II B. Moments of the distribution
are considered in Sec. II C.
II. ENERGY DISTRIBUTIONS
A. General expressions
It is convenient to calculate the Fourier transform,
F (λ), of the energy distribution function. It can be ex-
pressed in the form
F (λ) =
〈
eiλE
〉
=
∑
m e
(iλ−β)Em∑
m e
−βEm =
Z(β − iλ)
Z(β)
. (1)
Here
Z(β) ≡
∑
m
e−βEm (2)
is the partition function, β ≡ (kBT )−1 where T is tem-
perature, while
Em =
∑
k
(k,m − µ)nk,m . (3)
A micro-state is characterized by the set of quantum
numbers {k,m} where k is the quasi-momentum. In
the following, concentrating on mesoscopic electronic sys-
tems, we will consider a gas of elementary particles char-
acterized only by the quantum number k. According
to the definitions (1)-(3), we calculate the characteristic
function of quasiparticle energy.
The energy distribution function, P (E), can be calcu-
lated as the inverse Fourier transform of F (λ) as
P (E) =
∫ ∞
−∞
dλ
2pi
e−iλEF (λ) . (4)
For the Fermi gas [1],
lnZ(β) =
∑
k
ln
(
1 + e−β(k−µ)
)
(5)
= V
∫ ∞
0
dN() ln
(
1 + e−β(−µ)
)
. (6)
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2Here N() is the density of states. In the following we
put N() = const ≡ N0. This assumption is valid for the
two-dimensional gas, while in the three-dimensional case
N() ∝ √. One can show that in the limiting case βµ
1 the results differ only by renormalization of numerical
constants in the expressions for the average energy and
heat capacity. For realistic experimental conditions βµ =
TF /T ∼ 106 for a metal with Fermi temperature TF ∼
105 K at T = 0.1 K.
For N() = N0 we obtain
lnZ(β) =
VN0
β
∫ ∞
−βµ
dξ ln
(
1 + e−ξ
)
= −VN0
β
dilog
(
1 + eβµ
)
. (7)
Here
dilog (x) =
∫ x
1
ln(t)
1− t dt (8)
is the dilogarithm function. At βµ 1 we expand
− dilog (1 + eβµ) ≈ 1
2
(βµ)2 +
pi2
6
− e−βµ + . . . . (9)
Then
lnZ(β) ≈ VN0
(
1
2
βµ2 +
pi2
6
1
β
)
. (10)
Note that we assume that the chemical potential is
fixed rather than determined by the normalization of the
single-particle distribution to the total number of par-
ticles. This assumption is appropriate for an electronic
system with contacts.
In the case when N() ∝ √ we can put N() =
N0
√
/µ to obtain instead of Eq. (10)
lnZ(β) ≈ VN0
(
2
5
βµ2 +
pi2
4
1
β
)
. (11)
Therefore, different forms of the dependence of the den-
sity of states upon the energy indeed result only in nu-
merical constants defining the average energy and heat
capacity. The difference in the numerical factors is com-
patible with the well known Sommerfeld expansion, see,
e.g., [15].
Using the expansion (10) we obtain
lnF (λ) = ln
Z(β − iλ)
Z(β)
=
VN0
2
(
−iλµ2 + pi
2
3
iλ
β(β − iλ)
)
. (12)
The first item is responsible for the energy shift of the en-
ergy by the Fermi energy E0 = VN0µ2/2. In our approx-
imation the specific heat has the standard free Fermi-gas
expression (for a given chemical potential)
C = kB
pi2
3β
N0V . (13)
Then the quantity in the parentheses in Eq. (12) can be
rewritten as
iλE0 +
C
2kB
iλ
β − iλ .
We rewrite
C
2kB
iλ
β − iλ = iλ
C
2kBβ
(
iλ
β − iλ + 1
)
− iλ C
2kBβ
≡ −iλEβ + C
2kBβ
(iλ)2
β − iλ .
Here Eβ = C/2kBβ. Denoting δE = E − E0 − Eβ we
obtain in the exponent
− iλ δE − C
2kB
λ2
β(β − iλ) . (14)
Let us measure the energy deviation δE in units of
β−1
√
C/kB. Then we put
λ ≡ β√
C/kB
Λ, δE ≡
√
C/kB
β
u, c ≡ C
kB
(15)
to obtain for the second term
−1
2
Λ2
1− iΛ/√c = −
1
2
Λ2(1 + iΛ/
√
c)
1 + Λ2/c
.
Therefore, we arrive at the expression for the distribution
of dimensionless energies u:
P (u) =
∫ ∞
−∞
dΛ
2pi
exp
[
iΛ
(
1
2
iΛ
1− iΛ/√c − u
)]
. (16)
This is our final expression, which we have to analyze for
different values of dimensionless heat capacity, c.
B. Energy distributions for different dimensionless
heat capacity
We compute the integral in Eq. (16) by deforming the
contour in the complex plane. The integrand is analytic
in the full complex plane except for (an essential) singu-
larity at Λ = −i√c. For large |Λ| the argument of the
exponential behaves as
−1
2
Λ2
1− iΛ/√c − iΛu = −
c
2
− iΛ
(√
c
2
+ u
)
+O(1).
For thermodynamics it suffices to consider energies above
the Fermi energy E > E0 which means u +
√
c/2 > 0.
We may then deform the contour to the lower half plane
Im Λ < 0. We get
P (u) = P0(u) + P∞(u)
where P∞(u) is contribution from the semi circle at infin-
ity in the lower half plane and P0(u) from a circle around
Λ = −i√c.
3Writing Λ = ρeiφ, pi ≤ φ ≤ 2pi we obtain P∞(u) as the
limit of
e−
1
2 c
iρ
2pi
∫ pi
2pi
dφei(φ−ρbe
iφ) =
sin(bρ)
pib
(17)
as ρ → ∞ i.e. P∞(u) where b =
√
c/2 + u. Since we
assume b 6= 0 this limit vanishes.
To compute P0(u) change variables to z =
1
c (1− i Λ√c )
to get
P−i(u) = c
3
2 e−(2c+
√
cu)
∮
e
1
z exz
dz
2pii
where x = c(c +
√
cu) and the integral is around the
origin. Then∮
e
1
z exz
dz
2pii
=
∞∑
n=0
1
n!
∮
z−nexz
dz
2pii
=
∞∑
m=0
1
(m+ 1)!
1
m!
xm = x−
1
2 I1(2x
1
2 )
where I1 is the modified Bessel function.
As a result,
P (u) =
c3/4√√
c+ 2u
I1
(
c3/4
√√
c+ 2u
)
e−u
√
c−c
Graphs for P (u) for different heat capacities, c, are
shown in Fig. 1. One observes that at large c the distri-
bution is essentially Gaussian, while at small c it becomes
very asymmetric.
Let us crudely estimate the dimensionless heat capac-
ity, c. The estimate reads as c ∼ neV(kBT/µ) where ne is
the electron density. For a typical metal ne ≈ 1023 cm−3.
Assuming the sizes of a mesoscopic system (in µm) as
(0.3− 1)× (0.05− 0.1)× (0.01− 0.03) (µm)3, we get
V = (1.5 · 10−16 − 3 · 10−15) cm3 .
and the total number of electrons is
N ≡ neV = 1.5 · 107 − 3 · 108 .
Putting TF ≈ 5 · 104 K and T = (0.05− 0.1) K we get
kBT/µ = T/TF = (1− 2) · 10−6.
Consequently, the range of the quantity c is 15−600. As
we have seen, at these values of c the energy distribution
is clearly non-Gaussian.
C. Moments of the energy distribution
The moments of the energy distribution can be readily
calculated either from the Eq. (16), or explicitly from the
HamiltonianH = ∑k ka†kak. In particular,
〈E〉 =
∑
k
k〈a†kak〉 =
∑
k
kf(k) (18)
FIG. 1. (Color online) Distribution P (u), where u = βδE/
√
c,
where δE is the deviation of the energy of the Fermi-gas from
its mean, for a few different values of c = C/kB (solid lines).
Dashed line is the Gaussian distribution.
where f() =
[
eβ(−µ) + 1
]−1
is the Fermi function. The
second moment reads
〈E2〉 =
∑
k
kl〈a†kaka†l al〉 = 〈E〉2+
∑
k
2kf(k)[1−f(k)].
(19)
Here we have decomposed the product of four Fermi op-
erators according to the Wick theorem.
We observe that only the vicinity of the Fermi level is
important for the difference
〈δE2〉 ≡
〈
(E − 〈E〉)2
〉
= 〈E2〉 − 〈E〉2 .
Therefore, while calculating 〈δE2〉 we can assume con-
stant density of states and βµ  1. In this way we
obtain
〈δE2〉 = kBT 2C . (20)
In a similar way, we calculate
〈δE3〉 = 2
∑
k
3kf(k)[1− f(k)]2 = 3k2BT 3C . (21)
The skewness of the distribution is then
γ = 〈δE3〉/〈δE2〉3/2 = 3/√c . (22)
Obviously, the skewness vanishes as c→∞ which is the
thermodynamic limit. For a Gaussian distribution, the
relationship between the 2nd and the 4th moments is
4〈δE4〉 = 3〈δE2〉2. In the general case, an additional con-
tribution appears, such that
〈δE4〉 = 3〈δE2〉2
[
1 +
4√
c
]
. (23)
The 5th moment, absent in the Gaussian approximation,
is
〈δE5〉 = 60k4BT 5C . (24)
The results obtained by numerical integration of Eq. (16)
agree with the analytic expressions given above.
In summary, we have shown that the energy distri-
bution of a free Fermi-gas with small heat capacity is
non-Gaussian, with a sharp cut-off at low energies. This
is a natural consequence of the minimal energy of the
filled Fermi sea. We find that the heat capacities demon-
strating strong non-Gaussian features can be achieved
in standard metallic nanodevices at sub-kelvin tempera-
tures.
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